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I. INTRODUCTION
Despite experimental measurements of solar [1] [2] [3] [4] [5] [6] [7] [8] , reactor [9] , atmospheric [10, 11] , and accelerator [12, 13] neutrinos constraining their flavor oscillations, the nature of the neutrino mass hierarchy and whether or not θ 13 is zero remain open questions. The latter is the last unknown mixing angle and is currently the subject of a research program including beam and reactor-based experiments [14] [15] [16] [17] [18] [19] . At present, experiments have placed upper limits on the value of θ 13 [10, [20] [21] [22] with the most stringent limit set by the Chooz [23] experiment. However, a non-zero value may manifest itself and be observable in the event rate of multi-GeV electron neutrinos passing through the Earth, and to a lesser extent, in similarly energetic upward-going muon samples. Though atmospheric neutrino data are well fit to pure ν µ ↔ ν τ oscillations with "maximal atmospheric mixing" [11] (θ 23 = π/4), ν µ ↔ ν e transitions driven by solar oscillation parameters appear at sub-GeV energies when the atmospheric mixing deviates from this value. The questions of whether or not θ 23 is exactly π/4, the nature of θ 13 , and the sign of the neutrino mass hierarchy all contribute to an eight-fold degeneracy [24] of oscillation parameter solutions when considering CP-violation in neutrinos. For future experimental searches of CPviolation, answers to these questions are essential.
In this paper two analyses are presented searching for evidence of sub-leading (second order) oscillation effects which address these questions and appear as changes in the ν e and ν µ fluxes of the atmospheric neutrino samples at Super-Kamiokande (Super-K, SK). The first is an improved extension of a three flavor oscillation analysis using the first phase of the experiment (SK-I) [10] . An updated analysis using the first, second (SK-II), and third (SK-III) phases is presented here. The data are then used in the second analysis to test whether θ 23 deviates from π/4.
The paper is organized as follows. In section II we describe the oscillation framework used in the analyses. Section III discusses the data sample including additional sample selections designed to improve the sensitivity of each analysis. The methods and results of both are then presented in section IV and concluding remarks are found in section V. * 
II. SUB-DOMINANT EFFECTS IN ATMOSPHERIC NEUTRINO OSCILLATIONS
Neutrino oscillations in three flavors are described by six parameters: two mass squared differences, ∆m 2 12 , ∆m i , a CP violating parameter δ cp , and three mixing angles θ ij , (i < j). Each mixing angle parameterizes a rotation, U ij , between mass states inside of the three-dimensional oscillation space. The correspondence between neutrino mass eigenstates and their flavor eigenstates is then:
where U is the 3 × 3 PMNS matrix [25, 26] 
Non-zero mixing angles and non-degenerate mass eigenvalues give rise to standard neutrino oscillations. Observations of solar and reactor neutrinos are well-described by oscillations governed by the "1-2" (solar) parameters while those of atmospheric and accelerator neutrinos are described by the "2-3" (atmospheric) parameters. These measurements have established two oscillation frequencies which differ by a factor of ∼ 30. The third set of parameters has been probed by Chooz, a reactor neutrino disappearance experiment sensitive to oscillations at the atmospheric ∆m 2 , which placed a limit on mixing in this channel at sin 2 θ 13 < 0.04 for ∆m 2 ∼ 2.0 × 10 −3 eV 2 at 90% confidence [23] .
For the purposes of studying sub-dominant oscillations in atmospheric neutrinos, it is useful to consider oscillation probabilities in two domains: (i) θ 13 ∼ 0 such that U 13 ∼ I, and (ii) θ 13 > 0, but oscillations driven by the solar parameters are negligible. The observable effects each domain has on the atmospheric neutrino sample can similarly be divided into two energy regimes motivating two separate analyses with distinct foci: each analysis has been tailored to its regime of interest.
In the case of θ 13 ∼ 0, the neutrino oscillation probabilities in constant density matter may be written [28] P (ν e ↔ ν µ ) = cos 2 θ 23 P ex (3) where P ex is the two neutrino transition probability (ν e → ν x ) driven by ∆m 2 12 and θ 12 , L is the neutrino pathlength, and E is its energy. Using these equations the modified atmospheric ν fluxes at Super-K become:
where Φ 0 µ and Φ 0 e are the neutrino fluxes in the absence of oscillations and r is their ratio.
The left panel in Fig. 1 shows the transition probability, P ex , as a function of energy and zenith angle, Θ ν , for neutrinos traversing the Earth (see below) assuming ∆m 2 12 = 7.7×10 −5 eV 2 and sin 2 θ 12 = 0.30 [27] . However, the overall effect of P ex on the electron neutrino flux at the detector is modified by the factor rcos 2 θ 23 − 1 as seen in Eq. (5) . Since the atmospheric neutrino flux ratio is r ∼ 2 at low energies, there is no change in the ν e flux if r cos 2 θ 23 = 1 (θ 23 = π/4). If cos 2 θ 23 is greater (less) than 0.5 (θ 23 < (>)π/4) there is an expected enhancement (reduction) of the flux. Therefore it may be possible to determine the octant of θ 23 by observing changes in the flux of the low energy electron-like (e-like) samples at SK. Analogous changes to the ν µ flux on the other hand are suppressed by the leading factor of 1/r in the second term of Eq. When θ 13 is different from zero, the matrix U 13 is no longer sufficiently close to unity, and the above relations do not hold. Instead, in the search for non-zero θ 13 , the oscillation analysis is done using a "one mass scale dominant" scheme wherein the solar neutrino mass difference is taken to be much smaller than the atmospheric mass difference. Accordingly, the solar mass difference is neglected and a single mass splitting is adopted, ∆m 2 ≡ m The matter modified mixing parameters are
where Γ = ±2 √ 2G f n e E/∆m 2 , G f is the Fermi constant, n e is the local electron density and the plus (minus) sign specifies neutrinos (anti-neutrinos). Resonant enhancement of the oscillation probability occurs when |Γ| = cos 2θ 13 and holds for either neutrinos or antineutrinos, depending on the mass hierarchy. Further, when θ 13 = 0 there is no enhancement.
Oscillation probabilities for neutrinos traversing the Earth appear in the left panel of Fig. 2 . For ∆m 2 ∼ 2 × 10 −3 eV 2 this resonance occurs in the 2-10 GeV region and its strength increases with θ 13 reaching ∼ 40% conversion probability near the Chooz limit. Under these conditions, the primary signature in the atmospheric neutrino sample at Super-K is an increased rate of high energy upward-going e-like events. The right panel of the figure shows the ν e flux ratio at SK oscillated with θ 13 at the Chooz limit relative to that oscillated at θ 13 = 0. Additional θ 13 -induced effects on muon event rates are expected, but are generally much smaller. For large values of θ 13 an expected ∼ 20% increase in the multi-ring e-like event (see below) rate would be accompanied by a ∼ 5% change in similarly energetic muon-like (µ-like) samples.
Including solar oscillation terms changes the oscillation probability in the resonance region by less than 5%, supporting our assumption of the "one mass scale dominant" framework. Their inclusion as an additional scanning parameter also introduces a large computational burden in the θ 13 analysis and further motivates a separate θ 23 octant analysis.
Oscillation probabilities in both analyses are computed using a numerical technique [30] . Probabilities inside the Earth are computed using a piecewise constant radial matter density profile constructed as the median density in each of the dominant regions of the PREM [31] model: inner core (0 ≤ r < 1220km) 13.0 g/cm 3 , outer core (1220 ≤ r < 3480km) 11.3 g/cm 3 , mantle (3480 ≤ r < 5701km) 5.0 g/cm 3 , and the crust (5701 ≤ r < 6371km) 3.3 g/cm 3 . Transition amplitudes are computed across each layer a neutrino traverses and the product of these together with the amplitude for crossing the Earth's atmosphere is used to compute the final oscillation probability. The difference in the obtained probabilities using this simplified model compared to the more expansive PREM model have a negligible impact on the final analysis results after incorporating detector resolution effects.
III. DATA SAMPLE
Super-Kamiokande is a cylindrical 50 kton water Cherenkov detector situated at a depth of 2700 meters water equivalent. The detector volume is optically separated into an inner volume (ID) and an outer veto region (OD). During the SK-I (SK-II) periods the ID was instrumented with 11,146 (5,182) inward-facing 20-inch photomultiplier tubes (PMTs) and the OD with 1,885 outward-facing 8-inch PMTs. In SK-III there were 11,129 ID PMTs. Since SK-II, the ID PMTs have been encased in fiber-reinforced plastic shells with acrylic covers to prevent chain reactions within the detector in the event of a PMT implosion. A more detailed description of the detector may be found in [32] .
In this paper, atmospheric neutrino events are organized into three classes: fully contained (FC), partially contained (PC), and upward-going muons (UPµ). Events which deposit all of their Cherenkov light in the ID are classified as FC, while events that originate in the ID but have an exiting particle depositing energy in the OD are considered PC. Neutrino interactions occurring in the rock beneath the detector which produce muons that traverse the detector (through-going) or stop in the detector Fully contained events are further divided into subGeV and multi-GeV sub-samples based on visible energy, E vis . Events with E vis < 1.33 GeV are considered subGeV. The number of reconstructed Cherenkov rings in an event is also used to separate these samples into singleand multi-ring sub-samples. Single-ring events are classified into µ-like and e-like samples by the ring pattern. For multi-ring samples, the most energetic ring is used to classify the event type. Partially contained events are classified as "OD stopping" or "OD through-going" based on their energy deposition in the OD [33] . Similarly, UPµ events that traverse the detector are separated into "showering" and "non-showering" based on the method described in [34] while those that enter and stop within the detector are classified as "stopping." These samples are defined for all of the SK run periods. To enhance each analysis' sensitivity to the desired oscillation effect, the FC samples have been further divided as outlined below. However, all of the data samples are used in both analyses. Several improvements to the reconstruction and Monte Carlo since earlier publications [10, 11] are incorporated in this paper. The ring counting likelihood has been updated to improve separation between the single-ring and multi-ring samples. Additionally, the neutrino interaction generator has been updated to include lepton mass effects in charged current (CC) interactions [35, 36] . An axial vector mass of 1.2 GeV has been used for quasielastic and single meson production processes and cross sections for deep inelastic scattering are computed based on the GRV98 parton distribution functions [37] . The atmospheric neutrino flux is taken from [38] . More detailed information on the MC simulation, event generator, and event reconstruction is presented in [11] .
A. Additional sample selection for the θ23 octant analysis
To increase the purity of the interaction mode, FC subGeV single-ring events are separated into sub-samples based on their number of decay electrons and how π 0 -like they are.
The FC sub-GeV single-ring e-like sample contains background events which are mainly neutral-current (NC) π 0 events where one of the two γ rays from the π 0 decay has been missed by the event reconstruction. The electromagnetic shower from the γ gives a light pattern similar to that of an electron and results in an electronlike classification. To reduce this type of background, a specialized π 0 fitter is used [39] . This fitter enforces a second ring on the data and then predicts a light pattern that would result from γ rays propagating through the tank with the direction and vertex of the fitted rings. The intensity of each fitted ring as well as its direction are varied until the predicted light pattern best agrees with the observed one. Since the interaction mode of interest, charged-current quasi-elastic (CCQE), creates only one light-emitting particle, constructing the invariant mass for the two fitted rings provides some separation between CCQE and NC events. The left five panels in Fig. 3 show the invariant mass distributions from this π 0 fitter for CCQE and NC events in the FC sub-GeV single-ring e-like Monte Carlo in five energy regions. Neutral current events tend to form a peak close to the π 0 mass whereas CCQE do not. For events with electron momentum below 250 MeV/c, a cut at 100 MeV/c 2 is used to create a π 0 -like sample. This cut, however, is not sufficient for higher electron momenta so an additional likelihood selection is used, incorporating three variables: the π 0 invariant mass distribution, the fraction of the event's reconstructed momentum carried by the second ring, and the difference of two likelihood variables which result from a π 0 -fit and electron-fit. The distribution of these variables is shown in Fig. 3 . The π 0 -like selection likelihood functions are defined as,
where
i (x i )) represents the CCQE(NC) events' probability distribution function (PDF) for the i th vari-able with observable x i . After separating the π 0 -like sample, the remaining e-like events are divided into two categories, 0-decay which has no decay electrons and 1-decay which has one or more decay electrons. Since ν e CCQE events are not expected to produce decay electrons, there is a large fraction of CCQE interactions in the 0-decay sample. For the FC sub-GeV single-ring µ-like sample, there are three categories using the number of decay electrons: 0-decay, 1-decay, and 2-decay, corresponding to the number of decay electrons reconstructed in the event. Since these CCQE events produce a muon they are expected to have at least one decay electron. Details of the event composition by interaction mode after these event selections are shown in Tbl. I. The fraction of CCQE events is increased in the 0-decay e-like and 1-decay µ-like samples so they should improve sensitivity to changes in the sub-GeV flux induced by solar oscillations.
B. Additional sample selection for the θ13 analysis
To improve sensitivity to ν e appearance induced by non-zero θ 13 , an enhanced FC multi-GeV multi-ring electron-like sample is created. The selection is based on a likelihood method [10] for SK-I and is extended in this analysis to SK-II and SK-III. The likelihood functions have been rebuilt using 100 years of MC incorporating recent improvements to the SK event reconstruction. Accordingly, the event populations of the SK-I sample here differ from those in the reference.
The MC is divided into five energy bins, 1.33-2.5 GeV, 2.5-5 GeV, 5-10 GeV, 10-20 GeV, and > 20 GeV and PDFs for each bin are constructed using events whose most energetic ring has been reconstructed as electronlike. Four observables are used in the event selection: the number of decay electrons in the event, the maximum distance between the neutrino vertex and any muon decay electrons, the fraction of momentum carried by the event's most energetic ring, and the PID likelihood value of that ring. The final likelihood functions are defined as,
where Γ i represents the PDF for the i th observable and x i is the observable's measured value. The superscripts S and B label the signal and background PDFs, respectively. The index j specifies the likelihood corresponding to one of the five energy bins considered. In selecting electron neutrino events, the signal is taken to be CC ν e +ν e , while the background is composed of both CC ν µ +ν µ and NC events. An event makes it into the final multi-GeV multi-ring sample if it passes all cuts in the FC reduction, if the event's most energetic ring is electron-like, and if L j > 0. Distributions of the likelihood variables for signal and background events appear in Fig. 4 . Decay electrons are produced in the signal sample through the decay chain of pions produced in these events. However, lacking an exiting muon at the interaction vertex, fewer decay electrons are expected in the signal sample. Similarly, the maximum distance to a decay electron in the CC component of the background is expected to be larger due to the presence of energetic muons. The distribution of the momentum fraction carried by the most energetic ring tends to peak towards higher values for signal events where the outgoing electron has been correctly identified as electron-like. Background events, on the other hand, tend to peak at lower momentum fractions where the most energetic ring comes from a meson or muon that has been misidentified as electron-like. Applying the likelihood improves the signal purity from 53% to 74% in SK-I with 16% of the sample coming from NC events. Table II shows the event compositions of the multi-GeV e-like sample after this selection for SK-I, SK-II, and SK-III.
A summary of all atmospheric neutrino event samples used in this paper is shown in Tbl. III.
IV. OSCILLATION ANALYSIS
The oscillation analyses have been performed using the above data samples. Since the physical detector configuration differs between SK-I, SK-II, and SK-III, separate 500 years-equivalent MC data sets for each run period are used. The data are compared against the MC expectation using a "pulled" χ 2 [40] method based a Poisson probability distribution:
where n indexes the data bins, E n is the MC expectation, and O n is the number of observed events in the n th bin. Systematic errors are incorporated into the fit via the systematic error parameter i , where i is the system- atic error index and f i n is the fractional change in the MC expectation in bin n for a 1-sigma change in the i th systematic error. The 1-sigma value of a systematic error is labeled as σ i . Equation (11) is minimized with respect to the i at each point in a fit's oscillation parameter space according to ∂χ 2 ∂ i = 0. This derivative yields a set of linear equations in that can be solved iteratively [40] . The best fit point is defined as the global minimum χ 2 on the grid of oscillation points.
To ensure stability of the function in Eq. (11) the binning has been chosen so that there are at least 6 expected MC events in each bin after scaling to the SK-I livetime. Data are binned separately for SK-I, SK-II, and SK-III, each with a total of 420 bins. Both analyses simultaneously fit 16 event samples, including both e-like and µ-like event categories, shown in Tbl. III. The samples separated by number of decay electrons are divided into 5 momentum and 10 zenith angle bins for the 0-decay e-like, 0-decay and 1-decay µ-like samples, and 1 zenith bin otherwise. The remaining FC events are divided among 14 momentum bins, PC events into a total of 6 bins, and all upward through-going muon samples have one momentum bin each. The upward-stopping muon samples have been divided into three momentum bins. All of these samples are further divided into 10 evenly-spaced zenith angle bins. FC and PC events range from −1 ≤ cosΘ ≤ 1 and UPµ events are binned from −1 ≤ cosΘ ≤ 0.
Both analyses consider 120 sources of systematic uncertainty. These systematic errors are separated into two categories, those that are common to all of the SK run periods and those that differ. Errors that are classified as common are related to uncertainties in the atmospheric neutrino flux, neutrino interaction cross sections, and particle production within nuclei. Systematic errors that are independent for SK-I, SK-II, and SK-III represent uncertainties related to the detector performance in each era. Particle reconstruction and identification uncertainties, as well as energy scale and fiducial volume uncertainties, differ for SK-I, SK-II, and SK-III because of their different geometries. These systematics are therefore considered as separate sources of uncertainty. The effect of the systematic uncertainties are introduced by the coefficients f i n which are computed for every bin and error in the analysis. For common systematic uncertainties there is a coefficient for every bin in the analysis. On the other hand, independent systematic errors specific to SK-I (II, III) have non-zero coefficients for the SK-I (II, III) analysis bins and are zero otherwise. Tables V and VI list the 33 common errors separated into neutrino flux and interaction-related systematics, respectively. Table VII lists the 29 × 3 independent systematic errors and all three tables show errors with their fitted value, i , from the θ 13 search, together with their uncertainty. More information about these systematic errors is presented in a previous analysis [11] .
To prevent instabilities in the χ 2 value resulting from the low statistics data in later SK run periods, the SK-II and SK-III bins are merged with those of SK-I. In the minimization of the function in Eq. (11) the following changes are made:
Since the systematic error coefficients are computed for separate SK-I, SK-II, and SK-III bins as discussed above, merging in this way preserves the effect of the systematic errors specific to each detector geometry. Using this method, the final χ 2 is taken over 420 merged bins.
A. θ23 octant analysis
In the search for θ 23 = π/4, two fits are performed to the data to extract a constraint on sin 2 θ 23 assuming θ 13 = 0. The first (solar-off) is done over the two-dimensional space of ∆m . This grid of points has been chosen based on a combined fit of the solar neutrino experiment and KamLAND data [27, 41] . To constrain the fit over the solar parameters, the ∆χ 2 solar value from this combined analysis is then added to that of the fit at each of these grid points. Figure 5 shows the ∆χ 2 distributions with and without the solar parameters as a function of sin 2 θ 23 , where ∆m 
B. θ13 analysis
In the θ 13 analysis, oscillation fits are performed by scanning a grid of 83,025 oscillation points in three variables: log 10 ∆m 2 , sin 2 θ 23 , and sin 2 θ 13 . The fitting procedure has been performed on the combined SK-I+II+III data set assuming both a normal and inverted hierarchy. The best fit in the normal hierarchy is at ∆m 2 = 2. Best fit information for fits to the SK-I+II+III data for both hierarchies in the θ13 analysis. The limit on sin 2 θ13 is the C.L. in one-dimension at 90% and the corresponding bounds on ∆m 2 are 1.9(1.7) × 10 −3 < ∆m 2 < 2.6(2.7) × 10 −3 eV 2 in the normal (inverted) hierarchy. 2) and the third parameter point in these projections has been minimized over at each point in the plane to give the smallest value of χ 2 . Computing the 90% (99%) critical value using a Feldman-Cousins [42] type procedure confirmed that 4.6 (9.2) is the correct value in this scheme. The resulting allowed regions and corresponding ∆χ 2 distributions are shown in Figs. 7, 8 , and 9. In the first panel of the former two figures, the ∆m 2 vs. θ 13 plane for the fit is overlaid with the Chooz [23] 90% C.L. exclusion contour. The zenith angle distributions of the combined data overlaid with the best fit MC expectation in the normal hierarchy and the expectation resulting from θ 13 at the Chooz limit are shown in Fig. 10 . Figure 11 shows the up-down asymmetry for the single-ring (multi-ring) e-like sample as a function of lepton momentum (total energy) for the single-ring (multi-ring) sample. The data are consistent with sin 2 θ 13 = 0.
V. CONCLUSION
A three flavor oscillation fit to the first, second, and third generation Super-K atmospheric neutrino data has been performed. No evidence for θ 13 > 0 is found in fits to either hierarchy. The best fit oscillation parameters in the normal (inverted) hierarchy are ∆m 2 = 2.1 × 10 −3 eV 2 , sin 2 θ 13 = 0.0(0.006), and sin 2 θ 23 = 0.5(0.53). The value of θ 13 is constrained to sin 2 θ 13 < 0.04(0.09) at the 90% confidence level. All fits are consistent with the Chooz experiment's upper limit and no preference for either mass hierarchy exists in the data. The θ 23 octant analysis finds no evidence for a preferred octant for θ 23 . However, the mixing angle is constrained at 90% C.L. to 0.407 ≤ sin 2 θ 23 ≤ 0.583.
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